A Sharp Estimate for a Multilinear
Singular Integral in R”

JONATHAN COHEN

§0. Introduction. The purpose of this paper is to prove a good \ inequality
for certain multilinear singular integrals in R”. The operators considered here
are the maximal and limiting operators of the singular integral

Q(x—y)
C.(VA,/)x) = P (4;x,) ——_‘;—l,:,—f(y)dy

|x—yl|>e |
where P,(4;x,y) =A(x) — A(y) — VA(y) - (x — y) is the second order Tay-
lor series remainder of 4, ) satisfies certain homogeneity, smoothness and
symmetry conditions, VA € BMO and f € L”(R"”). The maximal function
Ci(VA,f)x) = sup |C.(VA,f)(x)| is shown to be controlled by a ‘sharp

function’’ of VA and a Hardy-Littlewood maximal function of f.

The operators considered in this paper are related to the commutators
studied by Calder6én in [2]. An extension of Calderdén’s result to R” by
Baishansky and Coifman [1] is an essential part of the proof of the main
result of this paper.

The methods in this paper are similar to those used by Coifman and Meyer
in studying the second commutator on the line and by Coifman, Rochberg
and Weiss for studying the first commutator in R”. However, the higher
order Taylor series remainder occurring in the operators considered in this
paper require a modification of the procedure.

In studying commutators of singular integrals, Coifman, Rochberg and Weiss
[5] replace the term b(y) — b(x) by b(y) — m, (b) where m, (b) is the
average of b over the cube Q. centered at x. They obtain an L”? estimate
for this new operator in terms of the BMO norm of » which is independent
of the choice of the cube Q . By shrinking the cube one gets the estimate
for the commutator.

This procedure doesn’t work in the Taylor series remainder case. In-
stead we use the fact that P,(4;x,y) = P,(4,;x,y) where 4,(x) = A(x) —

Zj_ l m,(D;A4)x,and the fact that (4 ,(x) — 4,(y))/|x — y| can be estimated
in terms of a ‘‘sharp” function of VA .
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§1. Statement of results. Before stating the main results, it is necessary
to introduce some notation and give some definitions.

Let g =(g,,....8,) where g, € L(R"). Assume Q is a cube in R” with
sides parallel to the axes. Let |Q| denote the Lebesgue measure of Q.

Let mo8) = (mo(g ).-omo(8.)) where mo(g)) = (1/10) S o8)(x)d. Let
S, (8)x) = sup {(l/IQI) SQIg(x)— my(g)|"dx}

If the L™ norm of S, (g) is finite we say that g is a function of Bounded
Mean Oscillation (BMO). We write g € BMO and define | g|lgpmo, = IS, (8)ll..-
A result of John and Nirenberg [6] implies the equivalence of the BMO
norms for 1 =g <. (||gllgmo, is in fact a norm if we identify functions
that differ by a constant.)

Let f€ L’(R"), 1<p <o, and ||VA|gyo, < for 1 =g <o, where
VA =(D,A4,....D,A) and DA = 84 /3x,. Define

Ax)—A(y) = VA (x —
(x) ») |H(ly) (x y)Q(x_y)f(y)dy

C.(VA,N)(x) = X
Ix—yl>e

|x -
Cu(VA,)(x) = sup |C,(V4,/))]
where

1. Q is homogeneous of degree zero.

2. 1Q(x) - Q) =clx—y| for|x|=]|y|=1

3. S xQx)dx=0, j=1,..,n
Ix|=1

For f € L?(R™), Q a cube in R" with sides parallel to the axes,
1
A, (N)x) = sup {

1/p
’d .
ol S | £l x}

We can now state the main result of this paper.

Theorem (1.1). Forf € L?(R") and VA € BMO, there exists vy, > 0 such
that for 0 <y <~y,and A >0

[x: Cu(VA,£)(x) > 3\, S,(VAYXA, (F)(x) = YA| = cy"|x: Co(VA, f)(x) > \|
where 1 /p + 1/q=1/rand q > n, and q > p’ where 1/p + 1/p’ = 1.

Corollary (1.2). If VA € BMO and f € L°(R"), p > n, then the limiting
operator
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C(VA,f)x) = lim C (V4, f)x)
e—0
exists almost everywhere and satisfies the estimate

IC(VANN, = ClIVAlsmoll A1, -

§2. Some useful estimates. The proof of Theorem 1.1 requires several
lemmas which are listed below. These lemmas are adaptations of standard
estimates and are stated without proof. For references, Lemma 2.1 can be

found in [3], Lemma 2.2 can be found in [6], and the essentials of Lemma
2.5 can be found in [5].

Lemma (2.1). Let A(x) be a function defined in R". Assume |VA| €
L9(R"). Then for g > n

1 1/q
[A@x) —A(y)| = clx -] {I—; S IVA(Z)quZ}

X

where I, is the cube centered at x, with sides parallel to the axes and whose
diameter is 2n'*|x — y|.

Lemma (2.2). Let Q be a cube with sides parallel to the axes. Then,

23) ifp>1, |my(VA) —m ,(VA)| = cp"S,(VA)(x) for all x € pQ, where
pQ is the cube with the same center as Q and sides expanded by a factor

of p.
(2.4) For x € Q and |x — y| > 2d(Q), (d(Q) is the diameter of Q).

b _y)' ] S, (VA)x,)

|mo(VA) = m, (VA)| = c [1 + log

forall x, € Q.
Lemma (2.5). Letf € L”(R") and VA € BMO. Then
(2.6) for |x —x,| <e, p>1,

p 1/p
{S lf_(}:')—leJ’} = cA,(NH)x)-
e<|x—y|<pe l‘x _yl

(2.7) For |x — x,| <k,

_ P 1/p
{e S [1 + log Ldnbd ] 7l dy} = A, (NHx).
Ix—yl>e

€ lx__yln+l

(2.8) Let Q be a cube in R" with sides parallel to the axes. Let x, € Q.
Then if p > 1,

VA (y) — my(VA)|? Ve
{S g dyp = cS,(VA)x,).
d(Q)<|x—y|<pd(Q)

lx —y|"
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(2.9) If x, and Q are as in (2.8),

lx=y| ] IVAQ) = ma(VA)|” )"
d(Q)S [1+10g ] — d}
{ |x—y]>d(Q) d(Q) [x = y|” i’

=cS,(VA)(x)).

Lemma (2.10). Let Q be a cube in R” with sides parallel to the axes and

let x, x, € Q. Let f€ L"(R") and VA € BMO Then for q=p’' where
1/p+1/p' =1,

VA (y) — mu(VA)|| f(D)
dy

n
d@)<Ix—yl<pd(Q) | =yl

@.11) S

= ¢, 5, (VA)x)A,(N)x,)
and

- vA - v
2.12) d(Q)S [1+1og E y|]| 0) = meVAI DI
|x—y|>d(Q)

d(Q) lx =y |
=¢, 8, (VA)(x)A,(f)x))-

Proof. These estimates follow from applying Holder’s inequality to the
integrals and using Lemma (2.5).

Lemma (2.13). Let A be a function defined in R”. Assume VA € BMO.
Let Q be a cube in R" with sides parallel to the axes. Set

Ao(x) = A(x) = > my(D,A)x,. Then,

(2.14) VA,(y) = VA(y) —my(VA) and C (VA,,f/)(x) = C.(VA4, f)(x)
(2.15) Forx € Q, |x —y| > 2d(Q), and g > n

b _y)' ] S,(VA)x)

l[do(x) — Ap,(3)| = c|x —y| [1 + log

for any x, € Q.
(2.16) For x, x, € Q and q > n,

d(Q)

|x — x|

|4o(x) = 4(x0)| = clx = X, [ ] S, (VA)x,)

forany x, € Q.

Remark (2.17). Let Q(x) be defined in R”, homogeneous of degree zero
and satisfy the condition |Q(x) — Q(y)| = ¢|x — y| for |x| = |y| = 1. Assume
Q is a cube in R” with sides parallel to the axes. Then if x, x, € Q and
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Qx-y) Q0 —y) -, |x — x|

E A PR Ixo — y|"**

§3. Proof of Theorem (1.1). The basic idea of the proof is to write f(x)
as the sum of two functions, one supported on a compact set and the other
supported away from the singularity of the operator C(V A, f)(x). Established
results allow us to make a weak type estimate for the function with compact
support. The methods used in a paper of Coifman, Rochberg and Weiss
[5] enable us to make a pointwise estimate for the function supported away
from the singularity.

Let X = {x:Cy(VA,f)(x) > \} and let X° denote its complement. Using
a Whitney decomposition (see Chapter VI of [7]), X = |J Q, where the

J
Qs are parallel to the axes, the Q’s have pairwise disjoint interiors and
the distance from the cubes Q, to the complement of X is comparable to
their diameters. Specifically

3.1 d(Q)) = dist (Q,,X°) < 4d(Q)).

Remark (3.2). A consequence of (3.1) is that for any j, the cube 10n
Q, intersects the complement of X. Hence, there is a point x, € 10n'/? 9,
such that C,(VA4,f)(x,) = \.

To prove Theorem (1.1) it suffices to prove it for each Q,. The disjointness
of the Qs then allows us to get Proposition (1.1) by summing on j.

Choose a cube Q, containing a point z where S _(VA)(2)A,(f)(z) =\
(If no such point exists, the desired estimate is immediately satisfied.)

Let

1/2

Q=10VnQ,
0=5VnQ=50m0,
0 =4nQ =200n" Q,.
Let f, = fX@ where x; is the characteristic function of the cube 0. Let

f>=f—/f,- Then f, and f, are the functions mentioned at the beginning of
the proof and it remains to make the appropriate estimate on each.

The f, Estimate: |x: C.(VA,f,)(x) > B\ = c(v/B)" | Q]

If |VA| € L*R"), f € L*(R") and Q satisfies the hypothesis of Theorem
(1.1), then we know from previous results that [|C.(VA, /), = c|VA,IfIl,
where 1/p + 1/q = 1/r < 1. Specifically, we can write C = C' + C* where

A(x)— A
C'(VA,f)(x) = p.v. S f)—_y—‘—&y)— Qx=p)f(y)dy

VA(p)o(x — )
2 ax—y)f )y
R" Ix_yl

C*(V4,f)(x) = p.v. S
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Let C and C; denote the corresponding maximal functions. A paper of
Coifman and Baishansky [1] gives the strong type L? estimate for C} and
standard Calderén-Zygmund results give the strong type estimates for C3.
The strong type estimates for C, imply the weak type estimate that for
|IVA| € L'‘R"), f€ L RN and 1/p+ 1/g=1/r<1

VAl A1, ]
—

We want to show that C,(V A4, f,)(x) satisfies the same weak type estimate
for x € Q but |VA]| is not necessarily in L? so we can’t apply (3.3) directly.
Furthermore, we can’t simply multiply 4 by the characteristic function of
O since this would destroy the differentiability of 4. We proceed more carefully.

3.3) |x:C(VA,H)x) >N = ¢ [

Remark (3.4). There exists for each cube _0O,, a function ¢, € C5 such

that ¢,(x) =1 for x € 0, ¢,(x)=0 for x & 0 and [d(x)| =1 for all x. In
addition, the gradient of ¢ satisfies:

3.5 b)) = —>
(3.5 [Vo,(x)| 20

and the constant ¢, in (3.5) does not depend on the choice of cube Q..
(The independence of the constant c, enables us to drop the subscript j
in (3.4) and henceforth we will refer to the function as ¢.) See page 170
of [7] for details.

Let x, be a point on the boundary of 0. Let A,(¥)=d()[Ao(y) — 4,5(x)]
where we recall that 4 ,(x) = 4(x) = — 2 my(D;A)x,.
j=1
To establish the appropriate estimate for IC*(VA ,f1) we use the equality

(3.6) C.(VA,,f)x)=C.(VA,f)(x) foranyx € Q
and the estimates

(3.7 V4|, =c|0|"*S,(VA)x) foranyx € Q
and

3-8 I£ill, = ¢l@|""A,(f)x) foranyx € Q.

(3.6) is obvious and (3.8) follows from the definition of A,. To show (3.7)

VA, (») = V() [Ao(y) — Ao(x0)] + d(»)[VA(y) — my(VA)].
Taking absolute values, using Lemma (2.1) and estimates (2.4) and (3.5)

1/q
VA, ()| = c|Vo)llxo — yl{ S IVA(y) - mQ(VA)I"dy}

\15°|
+|VAQP) = mo(VA) = c[S,(VA)X) + |VA(y) = mo(VA)]

for any x € Q. Using the fact that V4, is supported in 0, we get the L7
estimate
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VA, |, = c|0]"S (VA)(x)

for any x € Q.

Using (3.6), (3.7), (3.8) and the assumption that there is a z € Q, such
that S_(VA)(2)A,(f)(z) =<+\, we can apply the weak type estimate 3.3)
toget(forl/p+1/g=1/r<l,

VALl I/, ]
BA
_, [IQ'I 8, (VAIQI'7 A, ()x) ]

BA
A
_C(B) |Q].

The f, estimate: d(Q) = & = 1000n d(Q).
The estimate for C_(VA4,f,)(x) depends on how large ¢ is in comparison
to d(Q). There are three cases: £ < d(Q) which is ignored since then

C.(VA,f,)(x) = Cu0,(VA, f,)(x); d(Q) =< & = 1000nd(Q) and e > 1000n d(Q).
For the moment we assume d(Q) < & = 1000n d(Q).

Let do(x) = A(x) = >, _ mo(D,A)x,. By (2.14)

|x: Cu(VA,,f)(X)>BA| = ¢ [

C.(VA,f)x) = S k(x.y)f(y)dy

Ix—y|>e

where

Ao(x) —Ap(y) = Ao(y) (x =)
lx _ y|n+l

Choose a point x, € Q N X° and let x € Q. We recall that X° is the

complement of X = {x: C,(VA4,f)(x) > \} so that C(VA,f)(x,) = \. Adding

and subtracting C (VA4, f,)(x,), writing f, =f — f, where convenient and
accounting for the overlap in the regions of integration we can write

k(x’y) =

Qx—-y).

G.10)  C(VA4,f)(x) = S [k(x,y) = k(xoy)1 fo(¥)dy

Ix—y|>e

+ S k(xo’y)fz(y)— S k(xo’y)fz(y)dy

D,

+ S k(xo.y)f(y)dy
Ixo—yl=>e

- S k(xo»)f1(y)dy
xo—y|>e
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where D, = {y:|x —y| >eand |x,—y| <e} and D, = {y:|x, — y| > ¢ and
|x —y| =e}.
We next note that f,(y) =0 for d(Q) > |x,—y|, D, U D, C {y:e/3<

|xo —y| <2}, fi(y)=0 for |x,—y|>1000n d(Q), |f.(»)|=I|f(»)| and
L0 =1fO)I.

Taking absolute values we have

(3.11) right hand side of (3.10) =

S [k(x,y) — k(xo:)] f2(y)dy
Ix—y|=>e

+ S |k(x.y) f(»)|dy
d(Q)<|x—y|<5000nd(Q)

+2 S lk(x0,y) f(¥)|dy
dQ)< lxo—y | <5000nd(Q)

+

S k(xo:y)f(y)dy
lxg—y|>e

The last integral is less than or equal to A since x, & X. The second and
third integrals are bounded by ¢ S, (VA)(z)A,(f)(2)A cy\. This follows by

first using (2.15) to estimate k(x,y) and then applying (2.11) to estimate the
integrals.

To estimate the first integral,

(B-12)  k(xy) = k(xoy) = [Ao(x) = Ap(y) = VAL(¥) - (x —y)]

.[nu—y)_su%—y)]

Ix__yln+l lxo_yln+l
Q(x, —»)
+[A,x)—4 — -
[ Q(x) Q(xO)] |x0_y|n+l
Qxo —y)
+ VA (y) (x = x)
lxo — ¥|

Multiply both sides by f,(y), integrate over |x — y| > ¢ and take absolute
values. The estimate on the right is at least as big if the region of integration
is |x —y| > 2d(Q). Take absolute values inside the integrals, replace |f,|
by | f| and replace 1/|x, — y| by 1/|x — y|. We then have

(3.13)

S [k(x,y) — k(xo )1 f2(¥)dy
|x—y|>e

scams

|x=y|>2d(Q)
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|x =yl
) S, (VA)x,) + |VA(y) — my(V4)|

[1+10g

| £ () dy

lx_y|n+l

| fO)I 4

n+1

+¢8,(VA)x,)d(Q) S

|x—y|>2d(Q) lx =y

IVA(y) — mu(VA)fF )]
dy

Ix—y|>24d(Q) |x —yl"“

+cd(Q) S

where x, is any point Q. The first integral comes from applying (2.14), (2.15),
and Remark (2.17). The second integral comes from applying (2.16). The
third integral comes from (2.14).

All three integrals are bounded by ¢ S_(VA)(x,)A,(x,) for any x, € Q.
The estimate for the first integral comes from (2.7) and (2.12), the estimate
for the second integral comes from (2.7), and the estimate for the third integral
comes from using (2.12) again.

Finally, putting together all the estimates and choosing the point z € Q,,
we have for x € Q,

(3.14) |C(VA,£)X)| =N + ¢S, (VA)2)A,(f)2)
= N+ cyA.

The f, estimate: &> 1000n d(Q).

Let Q, be a cube with the same center as Q, with sides parallel to the
axes and with diameter €. We define

A, (x) =A(x) — 2 c,x; where c¢;=m,(D,A).
Jj=1
Let

400 = Ao ) = VA0 my)
lx_y|n+l :

For x € Q,and e > 1000n d(Q), C.(VA,f,)(x) = C(VA, f)(x). Then proceed-
ing as in (3.10), for x € Q,, x, € Q N X°,

k.(x,y) =

B.15)  |C(VA,f)x)| =

S k. (x,») — k (x0,0)] f(y) dy

lx—yl>e

+ S |k (x,y)f(y)|dy
e<|x—y|<S5e

+ S |k (xo>0)f (¥l dy
e<|xpg—y|<S5e
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+ S k.(xo,)f(y)dy
|xo—y|>e

=N+ cyA

The second and third integrals satisfy the same estimate as in (3.10) because
e = d(Q,). The last integral is less than or equal to \ since x, & X.

To estimate the first integral we proceed as in (3.12) with Q_ replacing
Q. The argument requires some modification since |x — x,| is no longer of
the same magnitude as d(Q.). Choose a point x_ where |x — x_| = 2e. Then
e < |x, = xo| < 3e. If we replace 4, (x) — 4, (x,) by (4, (x) — Ay (x.)
+ (4, (x,) — 4, (x,)) the rest of the argument holds and we have the estimate

(3.16) S [k.(x,y) = k.(xo: )1 f(¥)dy| = cyA.
lx—y|>e
Putting together all the f, estimates we get the pointwise estimate
3.17) Ci(VA,f))(x) =\ + cyA
forx € Q,.

Conclusion. Choose vy, < 1/c where c is the constant in (3.17). Assume
v < ¥, Then 2y — ¢y\ > \ and so using estimate (3.9),

|x € Q,: Cu(VA,[1)x) >3\, S (VAYX)A, (f)(x) =Y\

=|x € Q;: Cu(VA,f)(x) > 2N — cY\| + |x € Q,: Cu(VA,f)(x) >\ + cy)|
=|x € Q;: Cu(VA,f)(x) > \|

= cy'|0]

=cvlo)l.

Since the Qs are disjoint we can sum over both sides of (3.17) and we
get Theorem (1.1). Corollary (1.2) then follows by standard arguments.
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